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A polydisperse model is established to describe the hydrodynamic beha®iors of solid
particles within an expanded-bed adsorption column. This model has been used to
simulate bed expansions conducted by different researchers under ®arious operating
conditions, and good agreements are found between the experimental and simulated
results. The model is effecti®e in simulating not only the change of bed height with fluid
®elocity, but also the size distributions of solid particles at different axial positions. Due
to nonuniform flow in the column and density distribution of the particles, the calcu-
lated bed ®oidage is somewhat different from the measured one for the bottom and top
regions of the column.

Introduction
As a novel integrated purification technique, expanded-bed

Ž .adsorption EBA is now widely used in downstream biopro-
cesses. This technique gained its popularity in academia and
industry in the early 1990s, and has been extensively studied

Ž . Ž .since then by Gailliot et al. 1990 , Chase and Draeger 1992 ,
Ž . Ž . Ž .Batt et al. 1995 , Owen and Chase 1997 , Feuser et al. 1998 ,

Ž . Ž .Anspach et al. 1999 , Clemmitt and Chase 2000 , and Tong
Ž .and Sun 2002a,b . The hydrodynamic characteristics of an

EBA system has a significant effect on its adsorption perfor-
mance, and, hence, plays an important role in the design,

Žscale-up, control, and optimization of an EBA unit Chang
.and Chase, 1996 . To date, however, this issue has not been

well understood, and recent studies on this subject are rare.
ŽExisting monodisperse models Poncelet et al., 1990; Thelen

.and Ramirez, 1997, 1999 , though capable of describing the
change in bed height with the superficial velocity of the fluid,
are oversimplified in that they treat the adsorbent particles
used in EBA as single-sized ones. It had been experimentally
confirmed by recent studies that the concentration and aver-
age particle diameter of solid adsorbents decline along the

Žfluid-flow direction in the column Willoughby et al., 2000;
.Bruce and Chase, 2001; Tong and Sun, 2002b . Due to their

inherent properties, the monodisperse models fail to depict
this crucial phenomenon of EBA operations.

With the development of liquid�solid two-phase flow theo-
ries and simulation techniques, it is now feasible to conduct

Correspondence concerning this article should be addressed to Y. Sun.

Ž .particle-scale simulations in two- or three-dimensional 3-D
Žconfigurations Schwarzer, 1995; Davis, 1996; Hofler and¨

.Schwarzer, 2000; Tory, 2000; Burger et al., 2001 . Although¨
much progress has been made, more efforts are still needed
for a better understanding of the screening mechanism of ve-
locity fluctuations and hydrodynamic diffusions, which has
been, and still is, one of the most attractive issues in this field
ŽDavis, 1996; Brenner, 1999; Ackerson et al., 2001; Miguel

.and Pastor-Satorras, 2001; Kuusela and Ala-Nissila, 2001 . On
the other hand, some 1-D approaches are simple in form, but
valuable even in applications where fully 3-D particle-scale

Ž .approaches are possible Burger et al., 2001 . Representative¨
examples for this include the successful application of 1-D,
polydisperse model to simulations of batch sedimentation
Ž . ŽBurger et al., 2001 and fluidized-bed classifiers Chen et al.,¨

.2002a, b . Experiments on EBA show that, in contrast to its
drastic change along the axial direction of the column, the

Ž .particle-size distribution PSD of solid adsorbents is almost
Žuniform along the radial direction Willoughby et al., 2000;

.Bruce and Chase, 2001; Tong and Sun, 2002b . Considering
these facts, we choose to build up a mathematical model for
EBA in a 1-D configuration. Unlike the just-mentioned
monodisperse models, our model takes into account the poly-
dispersity of the particles. Mixtures containing N discrete
species are employed to represent highly polydisperse parti-
cles with continuous size distributions. By comparing simula-
tions with available experimental results of EBA, we demon-
strate that our polydisperse model can well predict not only
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macroscopic parameters such as bed height, but also PSD
and local bed voidage at any axial position within an EBA
column under various operating conditions.

Theory
We consider an EBA column with L the length and D the

inner diameter containing a fluid and N species of spherical,
equidensity solid particles. The particle species are num-
bered in descending order by their radii, so that r � r �p,1 p,2
...� r . Since our model is an extension, from monodis-p, N
perse to polydisperse suspensions, of the 1-D two-phase flow

Ž .model proposed by Thelen and Ramirez 1999 , we first re-
call some of their results.

Based on the continuity and linear momentum equations
Ž .for the fluid and solid particles, Thelen and Ramirez 1999

Žderived the following force-balance equation their Eq. 27, in
.our notations for solid particles with small-particle Reynolds

number

�� h � m gŽ . b
� u yu yD y� s0, 1Ž . Ž .f p ax � x 6�� rp

Ž .where m is the buoyant mass defined as their Eq. 26b

4� r 3
p

m s � y � . 2Ž . Ž .b p f3

Assuming that Eq. 1 is also valid for polydisperse suspen-
sions, we then get the following equations for each particle
species in an EBA system

�� h m gi i b , i
� u yu yD y� s0, is1, 2, . . . , NŽ .i f p , i a x , i i� x 6�� rp , i

3Ž .

Ž .Here the hindered settling function HSF h depends oni
the local volumetric fractions of all the particle species, and
so does the axial dispersion coefficient D . Besides, theyax, i

wmay still depend on other variables for example, the HSF
Ž .proposed by Patwardhan and Tien 1985 is also a function of

xparticle diameter . The subscript i for both the HSF and ax-
ial dispersion coefficient emphasizes that they may vary for
different species. To comply with the widely used formula for

Žmultispecies particle systems Masliyah, 1979; Patwardhan
.and Tien, 1985; Burger et al., 2001 , we define the buoyant¨

mass as the mass difference between the solid particles and
Ž .the suspension Eq. 4 , rather than that between the particles

Ž .and the fluid Eq. 2

4� r 3
p , i

m s � y � 4Ž . Ž .b , i p s3

The density of the suspension is the volumetric average of
those of the fluid and solid particles, that is,

N

� s�� q � � 5Ž .Ýs f i pž /
is1

The Stokes velocity of the ith species is formulated as

� r 3 � y � g 2 r 2 � y � g4 Ž . Ž .p , i p f p , i p f
u s s 6Ž .ST , i 3 6� r � 9�p , i

From Eqs. 3 to 6, we have, upon substitution and rear-
rangement,

N��i
� u s� u yD y� 1y � h u 7Ž .Ýi p , i i f a x , i i i i ST , iž /� x is1

The incompressibility of both the fluid and particles gives

N

�q � s1 8Ž .Ý i
is1

and

N

� u q � u su 9Ž .Ýf i p , i a
is1

Combining Eqs. 7 to 9 yields

N N N ��i
u s 1y � � u h q D qu 10Ž .Ý Ý Ýf i i ST , i i a x , i až / � xis1 is1 is1

Substituting Eq. 10 for Eq. 7, and then the expression for
Ž .� u into the continuity equations for the particles Eq. 11 ,i p, i

we finally get the governing equations of the EBA system
Ž .Eq. 12

�� �i q � u s0, is1, 2, . . . , N 11Ž .Ž .i p , i� t � x

�� �i q
� t � x

N N N

� � 1y � � u hy� 1y � h u q� uÝ Ý Ýi i i ST , i i i i i ST , i i až / ž /
is1 is1 is1

N� �� ��i is D y� D , is1, 2, . . . , N 12Ž .Ýax , i i a x , iž /� x � x � xis1

The initial and boundary conditions for the equation group
are

� , 0� xFHi ,0 0
u su � s , for ts0 12aŽ .p , i p , i ,0 i ½ 0, H � x� L0

� u s0, for xs0, t�0 12bŽ .i p , i

� u s0, for xsL, t�0 12cŽ .i p , i
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The HSF adopted in our model was the one proposed by
Ž .Masliyah 1979 . It states that all the local particle species,

regardless of their sizes, are retarded to the same extent, and
the hindrance effect is a function of the total solid concentra-
tion only

ny2N

h shs 1y � 13Ž .Ýi iž /
is1

For the axial dispersion coefficient, we propose a new cor-
relation with the applied fluidization velocity by a power law
Ž .Eq. 14 . Consequently, this parameter, like the HSF, is inde-
pendent of particle species too. The formulation of HSF and
axial dispersion coefficient will be further discussed in later
sections

�
� u �1y� u � 1y� u � 1y� f aa as s� 14Ž .ž /� D � D � �ax , i a x

In the case where the wall effect of the EBA column is
Ž .nonnegligible, the Stokes velocity of particles Eq. 6 is multi-

plied by a correction factor, according to Khan and Richard-
Ž .son 1989

0.622 r � y � g dŽ .p , i p f p , i
u s 1y1.15 6aŽ .ST , i ž /9� D

Numerical Method
Ž .The governing equations Eq. 12 have been solved numer-

ically with one of the latest modern entropy-satisfying shock-
capturing central difference schemes for nonlinear conserva-
tion laws and closely related convection-diffusion equations
Ž .Kurganov and Tadmor, 2000 . This scheme features a small

Ž Ž .2 ry1.numerical viscosity of the order O � x , and maintains
Ž .its high-resolution independent of O 1r� t . Moreover, the

authors proved that their second-order semidiscrete scheme
satisfied the total-variation diminishing property for scalar

Ž .problems Kurganov and Tadmor, 2000 . Recently, Burger¨
and coworkers applied this scheme to solutions of the kine-
matic sedimentation model for polydisperse suspensions,

Ž .yielding satisfactory results Burger et al., 2001 . In this work,¨
Ž .we first turned the governing equations Eq. 12 into ordinary

Ž .differential equations ODEs by semidiscrete differencing
Ž .Kurganov and Tadmor, 2000 , and then integrated the ODEs
numerically with ODE23, a low-order ODE solver embedded
in Matlab 5.3. The grid cells for the spatial discretization was
set at 0.25 cm in all the calculations, and N, the number of
particle species, was set at 35. Further decrease in the grid
cell size or increase in N had little influence on the simula-
tion results. Under these conditions, the running time of the

Žprogram on a personal computer Celeron 733 MHz, 64 M
.RAM ranged from 2 h to 6 h for one batch. Solutions to the

Ž .convection	diffusion equations Eq. 12 have been compared
Žwith those equations without diffusion terms that is, equa-

.tions obtained by deleting the righthand side term of Eq. 12 ,
and the results indicated that numerical diffusion was negligi-

Figure 1. Comparison between particle sizes used in
(monodisperse and polydisperse models Ns

)35 .

ble with respect to the physical diffusion embedded in Eq. 12
Ž .data not shown .

Results and Discussion
Summary of model parameters

The polydisperse model proposed in this work has been
used to simulate experiments conducted by several re-
searchers under various operating conditions. Case I is on
the dynamic response of bed height with step increase or de-
crease in fluidization velocity, which constitutes Thelen and

ŽRamirez’s previously published work Thelen and Ramirez,
.1999 ; Case II gives the variation of PSDs along the axial

direction of the column with different settled bed heights,
Žfluid viscosities, and fluidization velocities Tong and Sun,

.2002b . As part of Bruce and Chase’s work, Case III reveals
average particle concentrations within different bed zones
Ž .Bruce and Chase, 2001 . Figure 1 clearly indicates how our
polydisperse model differs from monodisperse models. All the
parameters used in simulations are summarized in Table 1.
The exponent n is obtained by fitting the Richardson-Zaki

Ž .equation Eq. 15 to corresponding experimental data on the
relation between the fluidization velocity and average bed

Žvoidage Thelen and Ramirez, 1999; Bruce and Chase, 2001;
.Tong and Sun, 2002b . As shown in Table 1, n is usually in

the range from 4.3 to 5.0

u su �� n 15Ž .a t

Theoretically, the settling velocities of polydisperse parti-
Ž .cles can be predicted by Stokes’ law Eq. 6a with known

physical properties of the fluid and the particles. Unfortu-
nately, in many practical cases the prediction fails to match

Žexperimental observations Thelen and Ramirez, 1999; Tong
.and Sun, 2002a , which may in part be attributed to experi-

mental errors associated with the measurement of the parti-
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cle and fluid properties. According to the analysis by Davis
and Birdsell, the uncertainty in the predicted Stokes velocity
is generally on the order of 5�10%, while careful measure-
ments of the fall speed of the interface at the top of a settling
suspension are accurate to within about 1% uncertainty
Ž .Davis and Birdsell, 1988 . As a result, we chose to determine
the average settling velocity of the polydisperse particles by
data fitting. First, Eq. 6a is used to give an initial value of the

Ž .settling velocity of the largest particle species is1 , and the
Stokes velocities for all the other Ny1 particle species are
calculated as follows

r 2
p , i

u su , is2, 3, . . . , N 16Ž .ST , i ST ,1 2rp ,1

The calculated velocities are then used to simulate bed ex-
pansion under certain operating conditions, and the simu-
lated bed height is compared to the measured one. The uST ,1
is adjusted according to the comparison, until the simulated
and measured results match. The choice of the other two ad-
justable model parameters, 
 and � , though it plays an im-
portant role in determining the local PSD of the solid phase,
has no significant impact on the simulated bed height. There-
fore, the u determined by data fitting is unique and reli-ST , i
able.

Due to the porous nature of the STREAMLINE beads,
the density difference between the hydrated beads and the
fluid almost remains constant despite the change in the den-

Žsity of the fluid because the beads are filled with the same
. Ž . Žfluid Xue and Sun, 2003 . As a result, u and also u ,ST ,1 ST , i

.is2, 3, . . . , N varies roughly in inverse proportion to the vis-
Ž .cosity of the fluid Figure 2 , which further justifies the uST ,1

values listed in Table 1.

Choice of HSF
Ž .Besides the Masliyah HSF Eq. 13 , there also exist many

other HSFs in the literature, such as those proposed by Pat-
Ž . Ž .wardhan and Tien 1985 , Batchelor 1982 , Davis and Gecol

Ž . Ž .1994 , and Hofler and Schwarzer 2000 . Recently, some re-¨
searchers evaluated instability regions of polydisperse sedi-

Žmentation equations with different HSFs Biesheuvel et al.,
.2001; Burger et al., 2002 . Their chief findings were that for¨

equidensity particles, the Masliyah HSF resulted in a system
of first-order conservation laws that were always hyperbolic
with arbitrary particle species and size distributions; substitu-
tion of the Masliyah HSF with other HSFs, for example, that

Ž .by Davis and Gecol 1994 , caused the model equations to
change from hyperbolic to nonhyperbolic, or a mixed hyper-
bolic�elliptic type in certain regions. The occurrence of ellip-
tic regions corresponded to some of the unstable modes that

Žhad been observed in sedimentation experiments Batchelor
.and Rensburg, 1986 . In this work, we confine the HSF in

our model to the Masliyah HSF only to ensure that the prob-
lem is well posed.

Dispersion coefficient
Ž .As has been pointed out by Thelen and Ramirez 1999 ,

the power law is a first attempt at correlating the solid-phase

Table 1. Parameters Used in Simulations
� ��Parameter Case I Case II Case III†

Bead STREAMLINE STREAMLINE STREAMLINE
DEAE Base matrix SP

Type of PSD Lognormal Lognormal Lognormal
y6 ††Ž .	 10 m 211 211 192
y6 ††Ž .� 10 m 63 63 51

§Ž .H m 0.157 0.100�0.200 0.2090
§� 0.40 0.40 0.430 y4Ž .u 10 mrs 1.27�4.67 1.97�10.28 5.28a

n 4.3 5.0 5.0
y2Ž .u 10 mrs 1.55 2.22, 1.12, 0.57 1.46ST ,1 y3 y3 y4
 1.02 �10 1.02 �10 8.87 �10

� y0.5 y0.5 y0.5

� Ž y3Conducted in 20% aqueous ethanol solution at 25
C �s1.1 � 10 Pa �
.s .��

Ž y3 .Conducted at 20
C in distilled water �s 1.005 � 10 Pa � s , 20 vrv%
Ž y3 .aqueous glycerol solution �s 2.025 � 10 Pa � s , and 40 vrv% aqueous

Ž y3 .glycerol solution �s 4.878 � 10 Pa � s . u values obtained with theseST,1
fluids are 2.22, 1.12, 0.57 � 10y2 mrs, respectively.†
Conducted in 50 molrm3 NaH PO solution at room temperature.2 4

†† Ž y6 . Ž .Only 	 200 � 10 m was given by Thelen and Ramirez 1999 , so the
PSD of base matrix given in Case II was adopted as an approximation.

§
Ž .Obtained by least-squares regression of experimental data H vs. ua

Ž .given by Thelen and Ramirez 1999 .

dispersion coefficient. Abundant examples of the implemen-
Žtation of this rule can be found in the literature Dorgelo et

.al., 1985; Thelen and Ramirez, 1999; Chen et al., 2002a . In
this article we propose a new correlation in a similar manner
Ž .Eq. 14 . Under steady-state expansion, the mean velocity of
any solid particles is zero, and from Eq. 9 we know

u su r� , 17Ž .f a

and hence

1y�
u yu s u 18Ž .f a a�

Figure 2. Influence of fluid viscosity on the settling ve-
locity of solid particles.
The values of u and 	 are given in Table 1. Solid line isST ,1 f

Ž .the linear least-squares regression of the u data circlesST ,1
against 	y1, indicating good proportionality between them.f
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Figure 3. Simulated particle size and concentration distributions as a function of time and spatial distance.
Each solid line represents one particle species. Dashed line is the total volumetric fraction of the solid phase, whose local minimum is

Ž . Ž .indicated by arrows in parts 3 c and d .
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It is thus clear that under steady state, the dispersion coef-
ficient in Eq. 14 is correlated with the difference between the
interstitial and apparent fluidization velocities. The positive
dependence of D on the interstitial fluidization velocity re-ax
sults in a decrease in D from the lower part of the column,ax
where the bed voidage is lower and the interstitial fluidiza-
tion velocity is larger, to the upper part. As will be seen later,
the PSD in an EBA column becomes narrower at higher po-
sitions, which implies the dispersion of solid particles is less
severe in the upper part than in the lower part, so the de-
creasing trend of D along the column seems consistent withax
experimental observations.

Figure 4. Dynamics of bed height with step changes in
the fluidization velocity.
Ž . y4a Step increases from 1.27 � 10 mrs to higher velocities,

Ž .respectively, indicated in the figure. b Step decreases from
3.82 � 10y4 mrs to lower velocities, respectively, indicated in
the figure. Open circles were measurements by Thelen and

Ž .Ramirez 1999 . Solid lines are calculated from the polydis-
perse model. For more details, see Thelen and Ramirez
Ž .1999 .

Figure 5. Local volume-weighted mean diameters of
STREAMLINE beads at different heights within

( )the EBA column see also Table 1, Case II .
Ž .a Operations with different fluidization velocities. The fluid
used in these operations was distilled water. The settled bed

Ž .height was set at 0.10 m. b Operations with different initial
Ž .settled bed heights. The bed was expanded to approxi-
m ately two folds of its settled height. Applied

Ž .fluidization velocities of the fluid distilled water were 5.00,
y4 Ž4.72, 5.00, and 4.72 � 10 mrs, respectively from top to bot-

. Ž .tom . c Operations with different fluid viscosities. The set-
tled bed height was 0.10 m with a 2.5-fold bed expansion.
Applied fluidization velocities of the fluid were 5.00, 3.78,

y4 Ž .and 1.97 � 10 mrs, respectively from top to bottom . Solid
lines are calculated from the model.
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Dynamic bed expansion
It is interesting to observe the dynamic procedure of bed

Ž .expansion from one steady state the settle bed in this work
to another. From Figure 3, we see clearly that at t�0 distur-
bance caused by the upward flow of the fluid appeared at the
bottom of the column; it traveled through the suspension, and
finally disappeared at the interface between the clear liquid
and the suspension. A local minimum of the total solid con-
centration was formed during this procedure, which is most

Ž .obvious in Figures 3c and 3d indicated by arrows . After
about 30 min, a new steady state was achieved, and the pro-
file of all the particle species remained unchanged afterwards
Ž .Figure 3f .

Change of bed height with fluid ©elocity
Figure 4 shows the dynamic response of bed height to a

Ž .series of increases and decreases in fluid velocity Case I .
The agreement between the experimental and simulated re-
sults is as excellent as that obtained by Thelen and Ramirez
Ž .1999 with the monodisperse model, which demonstrates that
the polydisperse model can be a good substitute for the
monodisperse model in predicting bed-height dynamics.

PSDs at different column heights
Due to the difference in their settling velocities, the parti-

cle species are partly classified in the column. The beads near
the bottom of the column are larger in mean diameter and
have broader PSDs, while those near the top are smaller and
distributed within narrower diameter ranges, which has been

Žconfirmed by the experimental results from Case II Figures
.5 and 6 . The polydisperse model gives very good predictions

Žof local mean particle diameters in the column defined by
. Ž .Eq. 19 under various settled bed heights Figure 5a , flu-

Ž . Židization velocities Figure 5b , and fluid viscosities Figure
.5c . The values of 
 and � are the same for all the condi-

Ž .tions studied in Case II Table 1 , which suggests that Eq. 14
may act as a universal correlation for the dispersion coeffi-
cient of STREAMLINE beads. Figure 6, which corresponds
to Figure 5b, shows the local PSD of STREAMLINE beads
at different bed heights. At the major part of the column, the
simulations match the experiments quite well. Small discrep-
ancies that occur at the bottom and top of the column may
be attributed to the turbulence and channeling in the zone
right above the fluid distributor and the particle density dis-

Ž .tribution PDD of the STREAMLINE beads, which will be
discussed further below. Another probable reason may be the
underestimation of particle dispersion at the top region by
Eq. 14, which can be inferred from the narrower profile of
the predicted PSD curves when compared with the measured
ones for this region. How to improve the accuracy in predict-
ing D is, therefore, an important issue that deserves fur-ax
ther study

N N

d s � d r � 19Ž .Ý Ým i p , i i
is1 is1

Figure 6. Particle-size distributions of the STREAMLINE
beads at different heights within the EBA col-
umn.
For experimental details, see the legend to Figure 4b. Solid
lines are experimental measurements. Dashed lines are cal-
culated from the model.

Bed ©oidage
Although a bed’s total voidage can be calculated readily

Ž . Ž .from its initial settled height and voidage usually 0.4 , its
local voidage at a given position is hard to determine. To
date, only the average voidage of bed zones corresponding to
at least one-fifth of the total bed volume has been reported,

Ž .which was measured by the residence time distribution RTD
Ž .method Willoughby et al., 2000; Bruce and Chase, 2001 .

ŽTable 2 gives the voidage measured by Bruce and Chase Case
.III along with that calculated from the polydisperse model.

Again, the best match of experimental and theoretical results
Ž .is located in the middle zone 0.10�0.25 m , which is in har-

mony with the conclusion drawn from the PSDs in Figure 6.
The significant disagreements for the bottom and top zones
are most likely caused by the following two reasons. The first
is that the STREAMLINE beads are regarded as equidensity
particles in the model. Although the density difference among
STREAMLINE beads has been universally acknowledged, the
actual PDD and its relation with PSD are still unknown at
present because it is extremely difficult, if not impossible, to

Table 2. Measured and Calculated Bed Voidage in Different
Column Zones

Bed Zone Average Bed Voidage
�Ž .m Measured Calculated Error %

0�0.10 0.50 0.64 28.6
0.10�0.25 0.69 0.68 y1.2
0.25�0.40 0.86 0.76 y11.5

0�0.25 0.61 0.67 9.3
0�0.40 0.70 0.70 0.0

� Ž .Data from Bruce and Chase 2001 .
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determine them with available techniques. As a result, the
PDD is not considered in the model. In a typical expanded
bed, however, the average particle density varies from 1.19 �
103 kgrm3 in the bottom quarter to 1.15 �103 kgrm3 in the

Ž .top quarter of the column Pharmacia, 1997 . So, the actual
voidage in the bottom and top zones was overestimated and
underestimated, respectively, by the model that used the
beads’ average density lying between these two values. The
second reason for the disagreements is the nonuniform flow
in the zone between 0 and 0.10 m, which violates the assump-
tion of laminar flow in deriving the model. Moreover, this
phenomenon may shorten the residence time of tracers in
this region, and, thus, make the estimated bed voidage by the

ŽRTD method smaller than the actual one Bruce and Chase,
.2001 .

It is worth noting that the PDD should be treated with
care, because in many cases its presence is the primary rea-
son for the loss of hyperbolicity of equations modeling parti-

Ž .cle sedimentation Biesheuvel et al., 2001; Burger et al., 2002 .¨
The exclusion of it from our model, though making the model
less accurate, ensures the admissibility of the central differ-
ence scheme used in this article. Measuring, as well as mod-
eling, the PDD are both challenging problems to be solved in
the future.

Conclusions
A polydisperse model is established to describe the hydro-

dynamics within an EBA column. This model has been tested
against experimental results under various operating condi-
tions. Agreements between the experimental and simulated
results confirm its effectiveness in simulating not only the
change of bed height with fluid velocity, but also the size
distributions of solid particles at different axial positions. Due
to nonuniform flow in the column and density distribution of
the particles, the calculated bed voidage is somewhat differ-
ent from the measured one for the bottom and top regions of
the column. To further improve the accuracy of the model,
more information on particle density distribution and
nonuniform flow should be obtained and correctly accounted
for in the model. The correlation for the dispersion coeffi-
cient, or the way to define particle dispersion in the model, is
another issue that deserves in-depth investigation. Moreover,
novel noninvasive methods are desired for accurate on-line
measurements of local solid concentrations of each particle

Žspecies. Some acoustic techniques Alba et al., 1999; Stolo-
.janu and Prakash, 2001 seem suitable for this purpose and

might be employed in the future.
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Notation
dsparticle diameter, m
Dsinner diameter of the column, m

D saxial dispersion coefficient of solid particles, m2rsa x
hshindered settling function

Hsbed height, m

Lslength of the column, m
m sbuoyant mass, kgb

nsexponent
Nsnumber of particle species
rsparticle radius, m
tstime, s
usvelocity, mrs

Ž .xsspatial variable antiparallel to gravity , m

Greek letters
�svolumetric fraction of the fluid
�svolumetric fraction of the solid particles
�sfluid viscosity, Pa � s
	smean for particle diameter distribution, m
�sdensity, kgrm3

� sstandard deviation for particle diameter distribution, m

Subscripts
0sinitial state
asapplied fluidization velocity
isith particle species
fsfluid

msmean value
psparticle

STsStokes
sssuspension
tsterminal velocity in the Richardson-Zaki equation
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